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Abstract
We show that the ring of bounded meromorphic functions on an irreducible compact real
analytic set of dimension d is a Prufer domain of dimension d. Consequently, every nitely
generated ideal in this ring can be generated by d + 1 elements, and we show that this bound
is sharp. c© 1999 Elsevier Science B.V. All rights reserved.
MSC: 14P15; 14P20
0. Introduction
Let X be an irreducible compact real analytic set of dimension d. (For generalities on
global analytic functions and sets, and their germs, we refer the reader to [3, Ch.VIII].)
The ring O(X ) of global analytic functions on X is a noetherian integral domain of
dimension d, whose quotient eld M(X ) is the eld of meromorphic functions on X .
Every real valuation of this eld contains the ring O(X ), hence the intersection of all
of them is an overring H(X ) of O(X ) called the holomorphy ring of X . We have:
Proposition. The holomorphy ring is the ring of all bounded meromorphic functions.
We must make precise the meaning of bounded in our context, where singularities
are allowed and can cause dimension drops. We say that a meromorphic function
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is bounded when it is bounded in the maximum dimension locus X  of X (o its
indeterminacy set, of course). This maximum dimension locus always plays a role in
the singular situation. As examples we could mention the identity principle and the
solution of Hilbert’s 17th problem or, more generally, the criterion for an analytic
function to be a sum of even powers of meromorphic functions [16, 17]. On the other
hand, this description of real holomorphy rings is not surprising. It can be traced back
to the early 1980s, when Brumel [8] and Alonso [2] did it for algebraic varieties over
arbitrary real closed elds.
Thus, bounded meromorphic functions form a Prufer domain of dimension d and
consequently, every nitely generated ideal of bounded meromorphic functions can be
generated by d + 1 elements. A Prufer domain is a domain whose nitely gen-
erated fractional ideals are all invertible. For the general theory of Prufer domains
we refer to [12], or to the recent [11] that includes a chapter on real holomorphy
rings.
The argument used to derive the proposition is of an abstract nature and involves
real spectra and tilde operators. Due to this, the argument works the same for regular
functions and for Nash functions; as well as for germs of Nash functions and germs
of analytic functions, even for germs at compact sets. One could also deal with for-
mal power series and algebroid singularities. Thus, we have holomorphy rings in all
these categories, dened either as intersection of real valuations or as rings of bounded
functions. We note that no regularity assumption is made on the varieties under con-
sideration. That assumption would not be a serious restriction in the algebraic case,
where desingularization is birational, but it is relevant in the Nash and analytic cases,
where birationality is most often lost.
To give a lower bound for the number  of generators, we study certain ideals
associated to some points of X in the following way. Let x2X be a regular point
of X of maximal dimension, that is, a point such that the localization O(X )mx at the
maximal ideal mx of the point is a regular local ring of dimension d. We remark here
that X  is the limit set of all these regular points of maximal dimension. We consider
then Jx =mxH(X ), the ideal of x in H(X ).
Theorem. The ideal Jx =mxH(X ) cannot be generated by fewer than d+1 elements.
A typical consequence of this fact is the following:
Corollary. There exist meromorphic functions f1; : : : ; fd+1 2M(X ) such that for every
positive integer n the sum of 2nth powers f2n1 +   + f2nd+1 is not a sum of less than
d+ 1 such powers. In particular; the 2nth Pythagoras number of X is >d.
This consequence must be properly attributed to Becker, as once the minimal number
of generators is estimated, one just has to look at his argument in [6, 2.11.i]. In fact,
the fruitful idea of using the holomorphy ring to study sums of even powers is fully
developed in that paper.
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We prove the theorem in several steps. First, we embed the set X in a compact Nash
manifold to have a ring of analytic functions and a ring of Nash functions for which
global approximation holds [10]. Then using the real spectra of both rings and their
tilde operators we reduce the problem to the case X itself is Nash, which by global
approximation is equivalent to X being semialgebraic. This already gives an interesting
byproduct: if X is semialgebraic we have two rings of functions N(X )O(X ) and
correspondingly two holomorphy rings Hnash(X )Han(X ), for which the following
holds:
Proposition. Let I be a nitely generated ideal of the Nash holomorphy ringHnash(X );
and let J denote its extension to the analytic holomorphy ring Han(X ). If J can be
generated by r elements; then I can also be generated by r elements.
In fact, after projectivization and desingularization and the Artin{Mazur theorem one
must deal with a compact connected component X of a projective non-singular real
variety Y and with a variation of the algebraic holomorphy ring, namely, the ring of
all rational functions of Y bounded on X . These ideas appear in [15] and [9], to extend
the fundamental work of Kucharz [14] to the non-projective situation.
Finally, we discuss the case of germs (at compact sets). Here we have again a Prufer
ring of dimension d, and the upper bound d + 1. However, now Jx can be generated
by fewer than d+ 1 elements. In fact, Jx can be generated by d elements but not by
d− 1. Hence, we only get d d+ 1.
Holomorphy rings have been a topic of interest in real geometry ever since the early
seventies; we refer to [5, 6] and [14] for many references. This paper is connected
to all others dealing with the generation of ideals in real holomorphy rings, from the
break-through by Schulting [18] to the beautiful development by Kucharz [14]. It is
also closely related to [9] and [15], as we mention above. Actually, the nal explicit
question of [15] led us to this research, and to remake with variations some results
already known in the Nash and the algebraic cases.
1. Real holomorphy rings
We recall that the holomorphy ring of a eld K , denoted by H (K), is the intersection
of all real valuation rings of that eld. For the general theory concerning H (K), we
refer to [5]; in particular, H (K) is a Prufer domain [5, (2.16)]. Thus, the statement
concerning bounded functions can by rephrased as follows:
Proposition and Denition 1.1. The ring H (M(X )) is the ring of all bounded mero-
morphic functions. It is called the analytic holomorphy ring of X , or simply the
holomorphy ring of X; and is denoted by Han(X ) or simply by H(X ). It is a Prufer
domain of dimension d.
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Proof. First let f=g2M(X ) be bounded. Then there exists an integer k>0 such that
(f(x)=g(x))2<k for x2X ng−1(0):
By the identity principle, since X is irreducible, we can write
f2(x) kg2(x) for x2X 
so
kg2(x)− f2(x) 0 for x2X :
Then by the analytic solution to Hilbert’s 17th problem [3, VIII.5.8] or [17] for the
maximal-dimension formulation) there are global analytic functions h; h1; : : : ; hs 2O(X ),
h 6=0, such that
kg2 − f2 = h
2
1 +   + h2s
h2
:
Let V be a real valuation ring ofM(X ) and take any ordering < inM(X ) compatible
with V . This means that if 0< a< b and b2V , then a2V ; in particular, RV .
(The reader may refer to [7, Ch.10].) Now since kg2 − f2 is a sum of squares in
M(X ), it follows that 0< kg2 − f2, so we have 0< (f=g)2< k and since k 2V
we conclude that (f=g)2 2V . Since valuation rings are integrally closed, we nally get
f=g2V .
Conversely, let f=g be inM(X ) and assume that it is not bounded. We will construct
a real valuation ring V that does not contain f=g. Since f=g is not bounded, for
every integer k>0 there exists a regular point xk of X of maximal dimension d such
that g(xk) 6=0 and (f(xk)=g(xk))2>k. Hence, every semianalytic set Zk =X  \ ff2 −
kg2>0g (is not empty and) has dimension d.
Now, we bring in the tilde operator Z 7! eZ , which is an isomorphism from semi-
analytic sets contained in X to constructible sets of the real spectrum of the ring
O(X ) of analytic functions. Furthermore, this isomorphism preserves dimensions [3,
VIII.8.2]. Thus we have the constructible sets Sk = eZk . Each set Sk Specr O(X ) has
dimension d, which means that it contains some ordering of the eld M(X ) of mero-
morphic functions. Thus Tk = Sk \ SpecrM(X ) 6= ;, and Tk+1Tk . It follows from
the compactness of the constructible topology that T =
T
k Tk 6= ;, and we can pick
2T . This  is an ordering of the eld M(X ) and we consider the convex hull
V of R in M(X ) with respect to . This V is a real valuation ring and we claim
that it does not contain the meromorphic function f=g. Indeed if that were the case,
by the denition of V , there would exist an integer k>0 such that (f=g)2< k.
This would imply that  =2Tk against the construction, and the claim follows. We are
done.
It remains to show that d is the Krull dimension ofH(X ). To see this, recall that for
every prime ideal p of H(X ) the localization H(X )p is a real valuation ring V that
contains O(X ), hence p \ O(X ) is contained in the maximal ideal mx of some point
x2X . By general valuation theory [1, Theorem 1, p. 330], dim V = dimH(X )p
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dimx X d. Conversely, x a regular point x of dimension d of X and let mx be its
maximal ideal. Then, the eld M(X ) is the quotient eld of the local regular domain
O(X )mx , and one easily produces a rank d discrete real valuation, which is a local-
ization of H(X ) (see, for instance, [3, II.3.4]). It follows that H(X ) has dimension
d.
Other categories: (a) If X is a compact Nash irreducible set, then we have the ring
of Nash functions N(X ) and the eld of Nash meromorphic functions Mnash(X ), and
arguing in the same vein as above we conclude that the Nash holomorphy ring
Hnash(X )=H (Mnash(X ))
is the ring of all bounded Nash meromorphic functions. Furthermore, it is a Prufer
domain of dimension d. This has been done in [15] for nonsingular, possibly noncom-
pact X . In that paper the authors study the so-called relative holomorphy ring, which
is the intersection of all real valuations that contain the ring N(X ). Of course, this
makes no dierence in the compact case.
(b) The same can be done for a compact irreducible real algebraic set by considering
its ring of regular functions R(X ) and its eld of rational functions K(X ). Then its
algebraic holomorphy ring
Halg(X )=H (K(X ))
is the ring of all bounded rational functions, and it is a Prufer domain of dimension d.
This had been already proved in [8] and [2], where the authors used the term semi-
integral closure of R(X ) instead of relative holomorphy ring, and it was rediscovered
in [9] some years later.
(c) Finally, since we have several categories, we can mix them up to study the rela-
tionships among the various holomorphy rings. If we are given a compact irreducible
Nash set X , then it is also analytically irreducible [10, 6.1.c)], hence comparison is
easy. The inclusion of elds Mnash(X )M(X ) gives the equality
Hnash(X )=Han(X ) \Mnash(X ):
This follows immediately thinking of bounded functions, but it is also a consequence
of the way real valuations of Mnash(X ) extend to M(X ) (see [4]). Now let us turn to
a compact irreducible real algebraic set X . It has a decomposition into nitely many
Nash irreducible components X1; : : : ; Xr , and we get eld inclusionsK(X )Mnash(Xi);
nally,
Halg(X )=Hnash(X1) \    \Hnash(Xr) \K(X ):
In terms of valuations, we have that every real valuation of K(X ) extends to some
Mnash(Xi) (by henselization). We also see that Hnash(Xi) \K(X ) is the ring of all
rational functions bounded on the component Xi. This variation of the algebraic
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holomorphy ring has been considered in [15] in the non-singular case, when the Xi’s
are the connected components of X . We will see this in more detail in the next section.
2. Generation of invertible ideals
Let X be a compact irreducible real analytic set of dimension d. By Heitman’s
theorem on the generation of invertible ideals of Prufer domains [13, 3.1], we deduce
from the previous section that every invertible ideal I of the analytic holomorphy ring
H(X ) can be generated by d+ 1 bounded meromorphic functions. In this section we
will show an ideal J that needs at least d+ 1 generators.
As considered in the introduction, let x0 2X be a regular point of dimension d, and
m0O(X ) the ideal of analytic functions vanishing at x0.
Theorem 2.1. The invertible ideal J0 =m0H(X ) cannot be generated by d bounded
meromorphic functions.
The proof of this result consists of several reductions.
Reduction to the Nash case. We have the following situation. The analytic set X is a
global analytic subset of some analytic manifold 
 that can be embedded in some ane
space Rm, and hence in a projective space RPm. Since X is compact, any coherent
analytic sheaf of ideals of 
 which denes X , being trivial o X , can be extended to
the whole RPm. After this, we can merely assume that X is a global analytic subset
of RPm, and O(X )=O(RPm)=I(X ), where I(X ) is the ideal of analytic functions
vanishing on X . Since X is irreducible this ideal is prime. Now, we consider the
ring of Nash functions on RPm, which is a subring N(RPm)O(RPm). This couple
of rings has the approximation property, which means that any analytic solution of a
Nash system can be approximated in the Whitney topology by Nash solutions [10, 0.0].
We will use this to reduce our problem to the Nash case by expressing the generation
of J0 in terms of equations. To that end, let xi be Nash (even regular) functions on
RPm that generate the maximal ideal m0 of the point x0 in O(RPm), and suppose that
there are meromorphic functions fj=f2M(RPm), 1 jd, such that we have
xi=
X
j
aij
a
fj
f
;
fj
f
=
X
i
bji
b
xi
on X for some meromorphic functions aij=a; bji=b bounded on X , say by a common
real number L>0. By Hilbert’s 17th problem [17], this last condition means that all
functions
Lf2 − f2j ; La2 − a2ij ; Lb2 − b2ji
are sums of squares of meromorphic functions on X . Since all these conditions hold
on X , we can use the ideal I(X ) to express them on RPm. Namely, let hk 2O(RPm)
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generate that ideal. Then we get
g2(Lf2 − f2j )=
X
j
F2j +
X
k
Gkhk ;
g2(La2 − a2ij)=
X
ij
A2ij +
X
k
Ckhk ;
g2(Lb2 − b2ji)=
X
ji
B2ji +
X
k
Dkhk ;
afxi=
X
j
aijfj +
X
k
ckhk ;
bfj =
X
i
fbjixi +
X
k
dkhk ;
where all functions are analytic on RPm and the denominators a; b; f; g do not vanish
on X . By the irreducibility of X , this latter condition implies that the zero set in X of
every denominator has dimension <d.
Since the local rings O(RPm)m0 and (O(RPm)=I(X ))m0 are regular of dimensions m
and d respectively, there is a local coordinate system u :RPm!Rm of RPm at x0 whose
r=m − d rst components u1; : : : ; ur belong to I(X ) and generate the localization
I(X )m0 . This produces more equations as follows:
u‘=
X
k
U‘khk ; hhk =
X
‘
Hk‘u‘;
with the condition that h(x0) 6=0 coming from the localization at m0. In addition, we
know that x0 2X , so that I(X )m0, and we get
hk =
X
k
gk ixi:
In this form we have expressed the fact that J0 can be generated by d elements.
Next we look at all these equations as a system with the Nash functions xi as coef-
cients, and all the other analytic functions as unknowns. The global approximation
theorem says that we can approximate the analytic functions by Nash functions, and
the approximations satisfy the same list of equations. Keeping in mind the construction,
we denote by the same letter every analytic function in the list above and its Nash
approximation.
First of all, the new hk ’s dene a global Nash set (compact because it is closed
in RPm). Furthermore, the point x0 belongs to that set, and the new u :RPm!Rm is
also a local coordinate system of RPm at x0 whose r components u1; : : : ; ur dene in
a semialgebraic neighborhood of x0 the same zero set as the new hk ’s, and that zero
set is a semialgebraic manifold of dimension d. Now let Z be the Zariski closure of
that semialgebraic manifold in RPm, and let Y be the Nash irreducible component of
Z that contains x0. Clearly, Y is an irreducible global Nash set of dimension d on
which the hk ’s vanish, and x0 is a regular point of dimension d of Y . Our purpose
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is to read backwards the equations above to conclude that the ideal I0 of bounded
Nash-meromorphic functions associated to the point x0 2Y can be generated by the
new fj=f’s. Indeed, this is clear from the construction, except for the fact that all the
denominators involved in the various equations must remain non-identically zero on
Y . But this is true if the approximations are close enough. To show it, note that an
analytic function h does not vanish identically on X if and only if it does not vanish
identically on any neighborhood of the regular point x0. Since u is a local coordinate
system, we can expand with respect the ui’s and we get h(0; ur+1; : : : ; um) 6=0 if and
only if some partial derivative
@jjh
@ur+1r+1    @umm
(x0) 6=0:
Now, if we replace h and the ui’s by very close g and vi’s, the same partial derivative
@jjg
@vr+1r+1    @vmm
(x0) 6=0:
To make this clearer, we remark that those partial derivatives appear in the jet at the
origin of h  u−1 and g  v−1. But clearly these two jets are as close as needed, since
for v close to u, the jet of v−1 is close to that of u−1: these inverse jets are obtained
from the implicit functions theorem and the formulas involved are the same for u
and for v, with denominators detDu(x0) and detDv(x0), both dierent from zero and
close.
Thus we have completed the reduction to the Nash case. Furthermore, as a conse-
quence of the approximation argument above, we obtain the following. Suppose that X
is semialgebraic, which means that after some immersion the set X is semialgebraic.
Then, by [10, 0.4], X is a global Nash set, and we have the inclusion N(X )O(X ).
Correspondingly, we have an inclusion of holomorphy rings Hnash(X )Han(X ), and
in fact
Hnash(X )=Han(X ) \Mnash(X ):
In this semialgebraic situation we have:
Proposition 2.2. The minimal number of generators of an invertible ideal J 
Hnash(X ) is the same as that of its extension JHan(X ).
Proof. Clearly, the diculty is to replace r generators in Han(X ) by r generators in
Hnash(X ). To do this one produces a system of equations as above, but now many
more data are already Nash and must be listed as coecients of the system. Then the
approximations of the others are the solution. In this argument, most considerations
made in the preceding proof are not needed, since the set X is xed and need not be
approximated itself.
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Now, we continue the proof of the theorem by way of contradiction, with the as-
sumption that all data are Nash.
Reduction to the algebraic case. The situation is that we have an irreducible projective
real algebraic set Z RPm of dimension d, a Nash irreducible component X of Z and
a point x0 2X such that the two localizations R(X )mN(X )n at the maximal ideals
m and n of x0 in each ring are regular local rings of dimension d. Concerning the
holomorphy ring, we know that the ideal I0H(X ) associated with the point x0 can be
generated by d bounded meromorphic functions. Now let  :Z 0!Z be a resolution of
singularities of Z . This means that  is birational, and in fact a biregular isomorphism
−1(Reg(Z))!Reg(Z) o the singular locus. In particular, since x0 2Reg(Z), there
is a unique point x00 2Z 0 with 0(x00)= x0 and the maximal ideal of x00 in R(Z 0) is
m0=mR(Z 0). Next, let X 0 be the connected component of −1(X ) through x00, which
is in fact a Nash irreducible component, and consider the holomorphy ring H(X 0) and
the ideal I 00H(X 0) associated to the point x00. Clearly H(X 0)H(X ) and we have
H(X 0) I 00 =m0H(X 0)=mH(X 0)= I0H(X 0);
so that I 00 can be generated by d bounded meromorphic functions fj=f, where we keep
denoting h the function h  . Finally, we apply the Artin{Mazur theorem [7, 8.4.4]
to make polynomial any given generators xi of m0, the function f, the fj’s, and the
relations among them which show that the fj=f’s generate the same ideal that the
xi’s in the Nash holomorphy ring H(X 0). This does not mean that the ideal of x0
in the algebraic holomorphy ring Halg(Z 0) is generated by d elements, since the new
xi’s do not generate the maximal ideal of x0 in R(Z 0). What we get from the Artin{
Mazur theorem is that the xi’s generate that maximal ideal in an ane neighborhood
of the compact connected component X . In other words, there is a regular function
g without zeros in X 0 such that the xi’s generate the maximal ideal of x0 in the
localization R(Z 0)g; note that the rational function 1=g is bounded on X 0. This leads
to the consideration of the ring HX 0(Z 0) of all rational functions bounded on X 0, and
our conclusion is that the ideal I0 associated to the point x0 in this new ring can be
generated by d functions. This is not possible, essentially by the arguments in [9], as
it is shown in [15, 2.3].
The proof of the theorem is now complete.
Remark 2.3. We also conclude that the bound d + 1 is sharp in the Nash case and
in the algebraic case. This is not new except for the small generalization of allowing
singularities. Indeed, for Nash manifolds the exact bounds for the generation of in-
vertible ideals are given in [15], from where we have borrowed the nal part of the
last argument. Also in [15] we nd dened the holomorphy rings HX (Z), which we
have already encountered in the previous section when discussing a Nash irreducible
component X of an irreducible real algebraic set Z . In the algebraic case the bound
was settled for projective (hence compact) non-singular varieties in [14], and for ane
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non-singular varieties in [9]. Summarizing, we can state that in all cases, singular or
not, the bound for the generation is reached by the \ideal of zeros" of any regular
point of maximal dimension.
3. Analytic germs at compact sets
Let K be a compact semianalytic subset of a connected analytic manifold 
, and let
O(
K) denote the ring of germs at K of analytic functions. Let XK be an irreducible
analytic set germ at K , and O(XK) its ring of analytic function germs (at K). This ring
is a domain whose quotient eld M(XK) is the eld of meromorphic function germs.
By compactness, every real valuation of this eld contains the ring O(XK), so that the
holomorphy ring H (M(XK)) of the eld also contains O(XK). This holomorphy ring
coincides with the ring H(XK) of bounded meromorphic function germs (of course,
the notion of bounded meromorphic function germ is again dened in terms of the
maximal dimension locus X K ). This assertion follows by copying the proof of the
global analytic case, all formalisms needed work the same. For this and any other
generalities concerning germs we refer to [3, Ch. VIII]. Note that for a point K = fx0g
we are just dealing with analytic R-algebras. We also conclude that H(XK) is a Prufer
domain of dimension d= dim XK , and that every invertible ideal of H(XK) can be
generated with d+1 elements. Thus we are left with the problem of nding the lower
bound. In this case we can only get the following:
Proposition 3.1. Let x0 2K be a regular point of dimension d of XK ; and m0O(XK)
its maximal ideal. Then the ideal J0 =m0H(XK) cannot be generated by fewer than
d elements.
Proof. We can compare germs at K with germs at x0. In fact, we have an inclu-
sion O(XK)O(Xx0 ) and m0O(Xx0 ) is the maximal ideal of x0 in O(Xx0 ). Furthermore,
we also have an inclusion H(XK)H(Xx0 ), and we conclude that the statement fol-
lows from the statement for K = fx0g, case in which we place ourselves henceforth.
However, since x0 is a regular point of dimension d, we can merely suppose that
Xx0 =Rd0 , so that O(Xx0 ) =Rfxg, the ring of convergent power series in the variables
x=(x1; : : : ; xd), and m0 is the ideal generated by the xi’s.
We will argue by way of contradiction, assuming that m0H(Rd0) can be generated by
e<d elements. Then, we express this as a list of equations involving convergent power
series. By the Artin approximation theorem for algebraic power series [7, 8.3.1], this list
gives a similar one involving algebraic power series, which gives in turn a system of
equations among Nash functions in a semialgebraic open neighborhood U of the origin
in Rd. Next, by the Artin{Mazur theorem, we may assume that U is an open subset of
an irreducible real algebraic manifold X of dimension d, and that all functions involved
in those equations are the restrictions to U of regular functions of X . After projectiviza-
tion and desingularization (there may appear singularities at innity), we may suppose
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that X is a non-singular projective real variety, and that the ideal fx1; : : : ; xdgHalg(X )
can be generated by e<d elements. Now note that fx1; : : : ; xdgR(X ) is not the maximal
ideal of the origin x0, because it may have additional zeros o U . To amend this, let
y be a regular function on X with only one zero at x0. Then x1; : : : ; xd; y generate the
maximal ideal of x0 in R(X ), and they also generate the ideal Ix0 Halg(X ) associated
with x0 in the algebraic holomorphy ring of X . Since fx1; : : : ; xdgHalg(X ) is gener-
ated by e<d elements, the ideal fx1; : : : ; xd; ygHalg(X ) is generated by e + 1<d + 1
elements, which is impossible [14, 4.7]. This contradiction completes the argument.
Finally, let us remark that this last result includes in fact a nonsingular assumption:
the existence of a point x0 as in the statement amounts to saying that the compact set
K is not contained in the singular locus of any representative X of XK . For instance,
if K is a point XK is the same as Rd0 as seen in the proof.
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